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Continuum Model Evaluation of the Effect of
Saturation on Coalescence Filtration

S. Andan, S. I. Hariharan, and G. G. Chase
Microscale Physiochemical Engineering Center,

The University of Akron, Akron, OH, USA

Abstract: Coalescing filters are widely used throughout industry for removal of
liquid aerosols from gases or the separation of liquid droplets from emulsions.
Typical filters are constructed of non-woven fibers. Fibrous filters are capable
of efficient removal of micron and submicron sized droplets and particles. The fil-
tration process is highly complex due to variability in fiber sizes, particle sizes,
mixtures of particles and droplets, mixture of types of droplets (oil, water, etc.),
and effects of viscosity, surface tension, and chemical reactions between compo-
nents or with the filter fibers. Prediction of filter performance under such complex
conditions is difficult.

Performance of a filter depends on many factors like particle and fiber sizes,
flow rate, surface properties of the fibers etc. One of those parameters is the satu-
ration of the filter medium. Saturation is a measure of the amount of liquid present
in the void space. Prior models assume that the saturation is uniform along the
depth of the medium. In real media, the liquid holdup at steady state need not
be uniform with position. Local velocity increases when the saturation is high.

In this paper, a steady state model for a coalescing filter is used to evaluate
the effects of saturation on void fraction and its subsequent effect on filter per-
formance. Single fiber mechanisms of direct interception and diffusion deposition
are used to model droplet capture efficiencies and drag forces. These mechanisms
are applied to volume averaged continuum equations in which the saturation is
varied linearly with position in the filter. The results show the minimum pressure
drop and largest quality factor occurs with a uniform saturation profile and that
variation in average saturation has a greater effect on filter performance than
does the slope of the linear saturation profile. The model predicts that uniform
saturation profile performs better than the other profiles.
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INTRODUCTION

Fibrous filters act as a medium to capture droplets from a gas stream.
The drops coalesce into bigger droplets and eventually drain out of the
filter due to gravity. There are numerous applications of fibrous filters.
Fibrous filters are widely used to filter out particles greater than 1 micron
diameter (1). They are typically used in metal machining industry to col-
lect airborne liquid droplets generated by the metalworking fluids (2).
They are often used inside respirators for cleaning air. They are employed
to separate liquid droplets for aerosol sampling and gas cleaning
applications (3). These fiber filters can be employed to remove all air
borne particles.

Research on fibrous filters gained momentum in late 1950s after the
flow fields were determined for flows around arrays of fibers arranged as
parallel cylinders (4,5). They used the Stokes equation to simulate the
flow field. Kuwabara assumed the same radius and velocity for all cylin-
ders. A statistical approach was used to model the coalescence process
and to study the probability of drops in the dispersed phase to collide
with drops already on the fibers (6). A model for liquid systems was
developed in which droplets from the dispersed phase join the continuous
phase due to the concentration gradient (7).

In reference (8) a drop attached to a fiber first grows big and then
releases from the fiber due to the capillary and drag forces. Coalescence
filtration is described in four stages according to changes in the pressure
(9). The pressure drop increases during the first three stages. During the
final stage, the pressure drop becomes constant. Also, a comparison is
made between the pressure drop profiles of filters with solid and liquid
aerosols.

Reference (10) also categorized the coalescence in to four stages:
Start-up, loading, unsteady, and steady state processes. The coalescence
filtration process is modeled in (11) three steps: approach of a droplet
to the fiber, attachment of the droplet, and its release after it grows
big. Reference (11) concludes that direct interception is an important
mechanism while inertial impaction and diffusion are not as significant.
Prior works describe pressure drop profiles when the liquid hold up
varies. Not much work has been done to determine the actual hold-up
of liquid as a function of position in the medium at steady state.

Saturation is defined as the ratio between the volume fraction of the
liquid and the porosity of the filter medium. It is a measure of the amount
of liquid present in the void space. In solid aerosol filtration, the pressure
drop continually increases with solids loading in the filter (9). In the
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filtration of liquid aerosols, the pressure drop initially increases and then
becomes constant when the system reaches steady state. At steady state,
the liquid drainage becomes equal to the loading rate. The local satu-
ration of the dispersed phase was measured by joining different layers
of filter media together (12). The saturation was largest at the entrance,
minimum in the interior, and a smaller increase at the exit. A different
saturation profile was reported (13) in which the saturation is uniform
except near the exit where it increases slightly. The saturation was
observed to decrease as the flow velocity increased (14). Assumed a
uniform saturations of 10% were used to predict the performance of
the filters with variation in fiber size (15).

A theoretical model is applied to investigate how the saturation pro-
file affects the filter pressure drop and efficiency, with microfiber filter
media. In this work the saturation is modeled as linearly varying with
the filter depth, having a slope (m) and intercept (b). The effects of differ-
ent slopes and intercepts on the filter performance can be calculated
through its effect on filter porosity. This model does not tell us how to
obtain the specified saturation profiles. The unsteady performance of
the filter must be modeled to predict the steady state saturation profile
which is beyond the scope of the present work.

ASSUMPTIONS

Volume averaged continuum equations are used to model the coalescing
filter performance. The complete sets of equations are complicated and
cannot be solved analytically. The following assumptions simplify the
equations to obtain a tractable solution:

1. Media fibers are rigid and stationary.
2. Droplets are spherical.
3. The media is incompressible.
4. Isothermal process.
5. Unidirectional flow in z direction.
6. The liquid droplets are captured by the fibers. Capture of droplets by

other droplets on the fibers or by the binder material is neglected.
7. The porosity of the filter media is uniform and isotropic.
8. Binder material (i.e. glue) accounts for only a small fraction of the

filter volume and can be neglected.
9. The coalesced droplets do not re-entrain into the air stream.

10. The concentration of liquid droplets in the inlet stream is low enough
to assume the bulk density of inlet air stream is equal to density of air
at that temperature.

Saturation Effect on Coalescence Filtration 1957
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11. Diffusion is negligible and there are no chemical reactions.
12. Inertial terms and air drag on the filter housing walls are negligible

compared to the pressure gradient and drag on the fibers in the
momentum equation.

13. Saturation is a linear function of dimensionless position

S ¼ m
z

L
þ b ð1Þ

Here m ¼ slope and b ¼ Intercept of the linear saturation profile.

CONSERVATION EQUATIONS

The volume averaged conservation equations (16) are used to calculate
the pressure drop, outlet concentration and quality factor. Only the
gas phase species balance and the gas phase momentum balance are
needed. Applying the assumptions, the relevant continuum equations
reduce to:

Gas Phase Oil Species Balance

@ðeGqG
0 vG

z Þ
@z

þ IG
0 ¼ 0 ð2Þ

Gas Phase Momentum Balance (z Component)

eG @P

@z
þ FG

z ¼ 0 ð3Þ

The filter porosity e is defined as the void volume fraction (i.e., void volu-
me=filter volume). The liquid and gas phase volume fractions are simi-
larly defined as eL and eG (phase volume=filter volume). The porosity is
related to phase volume fractions by

e ¼ eL þ eG ð4Þ

The saturation, S, quantifies how much of void space is filled with liquid
and is related to porosity and liquid volume fraction by

eL ¼ Se ð5Þ

Similarly, the gas volume fraction is related to saturation by

eG ¼ ð1� SÞe ð6Þ

1958 S. Andan et al.
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The mass fraction of oil in gas phase is the ratio of the oil mass concen-
tration to the gas phase density by

wG
0 ¼

qG
0

qG
ð7Þ

Rewriting the species and momentum equations with help of Eqs. (4)
through (7) we get

Species Balance

@ ð1� SÞewG
0 qGvG

z

� �
@z

þ IG
0 ¼ 0 ð8Þ

Momentum Balance

ð1� SÞe @P

@z
þ FG

z ¼ 0 ð9Þ

The momentum balance is solved by introducing a constitutive relation
for the drag force. The species balance is solved by introducing a consti-
tutive equation for the mass transfer term IG

0 .

PARTICLE CAPTURE MECHANISMS

The mass transfer term for the oil leaving the gas phase is related to the
filter coefficient, a by

IG
0 ¼ aqG

0 eGvG
z ð10Þ

where a ¼ Eaf ð11Þ

af ¼
4ð1� eÞ

pdf
ð12Þ

Here, E is the single fiber efficiency and a100% is the filter coefficient for
a 100% capture efficiency based on the projected area of the fiber.

Particles in the air may be captured by several mechanisms includ-
ing direct interception, inertial impaction, diffusional deposition, gra-
vitational deposition, or electrostatic forces (17). All of the mechanisms
apply simultaneously, though one mechanism may dominate over the
others depending on the particle size, the filter media, and the gas flow
conditions. The capture mechanisms in turn are related to the single fiber
efficiency in Eq. (11). In this work direct interception and diffusional

Saturation Effect on Coalescence Filtration 1959
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deposition are dominant due to the size of the droplets involved. The
other mechanisms are not considered. Hence E ¼ EDR.

Interception and Diffusion

Following are the equations used to determine the single fiber efficiency
under continuum and slip flow conditions (8). The capture of micron
sized droplets is assumed to be adequately modeled by mechanisms for
capture of similar sized solid particles on dry fibers.

Continuum Flow

EDR ¼
4

fd2
f

3Dfd2
f p

8vz
þ dp

2

� �2
" #2=3

ð13Þ

where f is the hydrodynamic factor given by

f ¼ � 1

2
lnð1� eÞ � 0:75

� �
ð14Þ

Slip Flow

EDR ¼ ED þ ER þ E0DRðPe;NRÞ ð15Þ

E0DRðPe;NRÞ ¼ 1:24f0ð�0:5ÞPeð�0:5ÞN
2=3
R ð16Þ

f0 ¼ �0:5 lnð1� eÞ � 0:52þ 0:64ð1� eÞ þ 1:43eKn ð17Þ

Here, f0 is the hydrodynamic factor, including the effect of aerodynamic
slip (17), NR is the diameter ratio, Kn is the Knudsen number, Pe is the
Peclet number, and D is the diffusivity, given by

NR ¼
dp

df
ð18Þ

Kn ¼ 2k
df

ð19Þ

Pe ¼ vG
z df

D
ð20Þ

D ¼ lkBT ð21Þ

1960 S. Andan et al.
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l ¼ Cn

3pgdp
ð22Þ

Cn ¼ 1þ 2Ak
dp
þ 2Qk

dp
exp

Bdp

2k

� �
ð23Þ

Here, Cn is the Cunningham factor, kB is Boltzmann’s constant
(1.38066� 10�23 J=�K), k ¼ 0.065 mm is the free path of molecules at
STP, and the remaining parameters are constants (A ¼ 1.246, Q ¼ 0.42,
and B ¼ 0.87).

Direct Interception

For microfibers the single fiber efficiency due to direct interception can
be estimated by the following expression (17).

ER ¼
1

2f0
2ð1þNRÞ lnð1þNRÞ þ ð1þNRÞ�1 � ð1þNRÞ
n
þ2:86 Knð2þNRÞNRð1þNRÞ�1

o
ð24Þ

Diffusional Deposition

The single fiber efficiency for Diffusional Deposition acting alone is given
by (17)

ED ¼ 2:7Peð�2=3Þ 1þ 0:39f0
ð1=3Þ

Peð�1=3ÞKn
h i

ð25Þ

CALCULATION OF DRAG FORCE AND PRESSURE DROP

Many correlations relating pressure drop to fiber size in filter media
are developed as macroscopic expressions. We can apply these expres-
sions to a differential volume and then let the differential volume thick-
ness become infinitesimal to deduce an expression for the drag force in
Eq. (9).

We define the force per unit length of fiber as ff for a fiber of
diameter df . The pressure drop is related to the force per unit length of
fiber by

ADP ¼ Lf ff ð26Þ

Saturation Effect on Coalescence Filtration 1961
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For a uniform drag force, Eq. (9) integrated over filter of thickness
L gives

F G
z ¼ ð1� SÞe DP

L
ð27Þ

Hence

FG
z ¼ ð1� SÞe Lf ff

AL
ð28Þ

Let ef represent the volume fraction of the filter occupied by the fibers of
diameter df and total length Lf . Then

ef ¼
Vf

AL
ð29Þ

where L is the filter thickness. The volume occupied by the fibers of
diameter df is

Vf ¼
pd2

f Lf

4
ð30Þ

Hence the volume fraction occupied by the fibers is

ef ¼
pd2

f Lf

4AL
ð31Þ

Therefore, the length of the fiber of size df is given by

Lf ¼
4ALef

pd2
f

ð32Þ

Substitution of Eq. (32) into (28) gives the drag force F G
z as

FG
z ¼ ð1� SÞe 4ef

pd2
f

ff ð33Þ

We allow the drag force in (33) to apply to a small differential element of
a filter. In the limit as the differential element size becomes infinitesimal
then (33) can be applied in Eq. (9) to obtain

@P

@z
þ 4ef

pd2
f

ff ¼ 0 ð34Þ

1962 S. Andan et al.
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For uniform properties Eq. (34) gives an expression to determine drag
force per unit length of fiber from macro scale correlations

ff ¼ �
DP

L

pd2
f

4ef
ð35Þ

For Kn < 0.25 (slip flow), reference (17) provides a correlation for the
pressure drop to be

DP ¼ 16lef LvG
z ð1þ 1:996KnÞ

d2
f

ð�0:5 lnðef Þ � 0:75þ ef �
e2

f

4

þ 1:996Kn �0:5 lnðef Þ � 0:25þ
e2

f

4

 !
2
66664

3
77775

ð36Þ

Equation (36) was derived using the Kuwabara approach (18). This
model assumes that the aerosol droplets are captured on the fiber
through the diffusion mechanism. This pressure drop model was based
on experimental results (19). The equation was derived for spherical
particles. From Eq. (35), we obtain the expression for ff to be

ff ¼ �
4lpð1� SÞvG

Zð1þ 1:996KnÞ
ð�0:5 lnðef Þ � 0:75þ ef

�
e2

f

4
þ 1:996Kn �0:5 lnðef Þ � 0:25þ

e2
f

4

 !
2
664

3
775 ð37Þ

Substituting Eqs. (37) and (1) in (34) and integrating from z ¼ 0 to z ¼ L,
gives

DP

L
¼ 16lef Qð1þ 1:996KnÞ

d2
f

ð�0:5 lnðef Þ � 0:75þ ef �
e2

f

4

þ 1:996Kn �0:5 lnðef Þ � 0:25þ
e2

f

4

 !
2
66664

3
77775

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

� 1

Aem
ln

ð1� bÞ
ð1� m

L z� bÞ

� �� �
ð38Þ

Saturation Effect on Coalescence Filtration 1963
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where

vz ¼
Q=A

eð1� SÞ ð39Þ

which gives an expression that accounts for the assumed linear saturation
profile.

For Kn < 0.01 (Continuum flow), from reference (17), we get a
correlation for the pressure drop to be

DP ¼ 16lef LvG
z

d2
f ð�0:5 lnðef Þ � 0:75þ ef �

e2
f

4

� � ð40Þ

By Eq. (35) we derive the expression for ff to be

ff ¼ �
4lpvG

z

ð�0:5 lnðef Þ � 0:75þ ef �
e2

f

4

� � ð41Þ

Substituting Eqs. (41) and (1) in (34) and integrating from z ¼ 0 to
z ¼ L, gives

DP

L
¼ 16lef Q

d2
f ð�0:5 lnðef Þ � 0:75þ ef �

e2
f

4

� �
Aem

ln
ð1� bÞ

ð1� m
L z� bÞ

� �
ð42Þ

Equations (38) and (42) are used to calculate the pressure drop for slip
and continuum flow conditions for varying values of m and b.

CALCULATION OF OUTLET CONCENTRATION

Combining Eqs. (6), (7) and (10) into (8), the species balance is written as

d

dz
ðð1� SÞeqGwG

0 vG
z Þ ¼ �að1� SÞeqGwG

0 vG
z ð43Þ

The relationship between the gas velocity vG
z and the bed saturation to

the gas flow rate is given by

vz ¼
Q=A

eð1� SÞ ð44Þ

1964 S. Andan et al.
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On integrating equation (43) using equation (44) where Q is a constant
yields,

ln
wG

0 ðLÞ
wG

0 ð0Þ

� �
¼ �

ZL

0

adz

0
@

1
A ð45Þ

Here a is a function of saturation which in turn is a function of z. Hence,
the right hand side integral in Eq. (45) is evaluated numerically using
trapezoidal rule of integration. Let ‘‘a’’ be the value of the integral, then
the outlet mass fraction is given by

wOUT

wIN
¼ expð�aÞ ð46Þ

DETERMINATION OF QUALITY FACTOR

Quality factor (QF) is defined by (8)

QF ¼
� ln wOUT

wIN

� �
DP

ð47Þ

Substitution of Eq. (46) gives the expression for QF as

QF ¼ a

DP
ð48Þ

RESULTS

The model was programmed using MS-EXCEL and the results are shown
in the plots described below. The model parameters were df ¼ 4 microns,
dp ¼ 1 micron, and L ¼ 0:01 m.

Figures 1 through 8 show how the variations in saturation effect
pressure drop, quality factor, and outlet mass fraction with different
average saturation and different uniform saturation levels.

Figures 1–3 are for different saturation slopes for media with average
saturations of 0.1 and 0.2. Figures 4–6 are for uniform saturation where
m ¼ 0. Figure 7 shows local variations in pressure for different slopes
and intercepts. Figure 8 shows local variations in pressure for uniform
saturations.

Average saturations in laboratory filters at steady state are typically
in the range of 0.1–0.2. These values are applied in this work. When
m 6¼ 0, the average saturation is related to the intercept, b by

Savg ¼ 0:5 mþ b ð50Þ

Saturation Effect on Coalescence Filtration 1965
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Since b can not be negative then m is restricted to the range of
�2Savg � m � þ2Savg.

DISCUSSION OF RESULTS

Figures 1–3 show the quality factor, pressure drop, and outlet mass frac-
tion as a function of different slopes for saturation line for average
saturations 0.1 and 0.2. These figures show that the pressure drop is least
at zero slope. The pressure drop increases with magnitude of the satu-
ration slope. The outlet concentration also increases with magnitude of
the slope with the smallest outlet configuration occurring at m ¼ 0.
The quality factor is largest at m ¼ 0, consistent with the trends in pres-
sure and concentration. In Figs. 1–3, there is symmetry between the para-
meter values with the same positive and negative slopes. When there is a
positive slope, the pressure decreases slowly from the entrance to the mid
section of the filter and decreases significantly from the middle to the exit.
When the slope is negative, the opposite effect occurs which creates sym-
metry around the average saturation. The plots show that the average
saturation has a greater effect on pressure, concentration, and quality
factor than does the slope. Changing the slope from 0 to 0.4 causes 2%
change in DP

L whereas a change in average saturation from 0.2 to 0.1
causes a 13% change.

Figure 1. Quality Factor for different slopes, m, of the saturation profile.

1966 S. Andan et al.
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Figure 2. DP
L for different slopes of saturation line.

Figure 3. wout

win
for different slopes of saturation line.
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Figures 4–6 assume uniform saturation and show the effects of satu-
ration on the quality factor, pressure drop, and the outlet concentration.
The pressure drop increases when the saturation increases. When the
saturation is high, the area available for fluid flow is restricted, causing

Figure 4. Quality Factor for different uniform saturations for m ¼ 0.

Figure 5. Pressure drop for different uniform saturation for m ¼ 0.

1968 S. Andan et al.
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Figure 6. wout

win
for different uniform saturations for m ¼ 0.

Figure 7. Local pressure at different positions in the bed for different saturation
lines of average saturation of 0.2.
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a larger interstitial velocity which causes the pressure drop to increase.
Corresponding to the pressure drop, the quality factor decreases as satu-
ration increases.

Figure 7 shows the pressure as a function of position for different
saturation lines of average saturation of 0.2. This plot shows how the
pressure changes inside of the medium as a function of position. For
higher positive slopes of the saturation line, initially the pressure
decreases slowly with position and decreases rapidly near the exit. For
negative slopes, the opposite occurs. When the slope is positive, the inlet
saturation is lower than the exit saturation. Less liquid holdup at the inlet
offers less resistance to air flow and the corresponding pressure decrease
is small. Increasing saturation along the filter depth increases the resist-
ance to airflow with a corresponding increase in pressure gradient. For
a uniform saturation profile, the pressure drops linearly with position.

Figure 8 shows the pressure as a function of position for different
constant saturation lines. As expected, this plot clearly shows that the
pressure drop is smaller for media with lower saturations at steady state.

The uniform saturation profile was found to be the optimum satu-
ration profile at which the values of the filtration parameters are opti-
mum. Non-uniform saturation profiles cause an increase in pressure
drop and decrease in quality factor.

Figure 8. Local pressure at different positions in the bed for different uniform
saturations for m ¼ 0.

1970 S. Andan et al.
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CONCLUSIONS

The model results on coalescence filtration at steady state condition show
that the pressure drop is lowest and quality factor is highest when the
saturation profile is uniform. The results also show variation in average
saturation has a greater effect on the filter performance than does the
slope of the linear saturation profile.

The model developed here is based on volume averaged continuum
theory. The model does not predict how to obtain the particular satu-
ration profiles but it does show the filter performances. Predictions of
particular saturation profiles are beyond the scope of this work.

NOTATION

A: Filter Area

b: Intercept of the saturation line

Cn: Cunningham factor

D: Coefficient of diffusion

df: fiber diameter

dp: Diameter of the droplet

E: Convective transport of property / across an interphase boundary

ED: Single fiber efficiency by diffusion

ER: Single fiber efficiency by Direct Interception

EDR: Overall Single Fiber Efficiency due to interception and diffusion

FG
z : Drag force of the moving gas on the fibers

ff : Drag force per unit length of fiber of diameter df

IG
o : mass flux of particle captured by the fibers from the gas phase

Kn: Knudsen number

Ku: Kuwabara number

L: thickness of media

m: slope of the linear saturation profile

NR: interception parameter

Pe: Peclet number

DP: Pressure drop

Q: Volumetric flow rate

QF: Quality Factor

Savg: Average saturation

St: Stokes number

v0: Approach velocity of air

vG
Z: gas phase interstitial velocity

Vf : Volume of micro fiber

wG
0 : Mass fraction of oil in gas phase
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a: Filter Coefficient

af : Filter Coefficient of a 100% efficient fiber of diameter df

e: porosity of the media

f: Hydrodynamic factor

f0: Hydrodynamic factor, including aerodynamic slip

k: mean free path

qG: Gas phase density

qG
O: mass concentration of oil droplet in the gas phase
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